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Abstract 

The uniform infinite planar quadrangulation is an infinite random graph embedded in 
the plane, which is the local limit of uniformly distributed finite quadrangulations with a 
fixed number of faces. We study asymptotic properties of this random graph. In particular, 
we investigate scaling limits of the profile of distances from the distinguished point called 
the root, and we get asymptotics for the volume of large balls. As a key technical tool, we 
first describe the scaling limit of the contour functions of the uniform infinite well-labeled 
^ tree, in terms of a pair of eternal conditioned Brownian snakes. Scaling limits for the 

S uniform infinite quadrangulation can then be derived thanks to an extended version of 

Schaeffer's bijection between well-labeled trees and rooted quadrangulations. 

> 

^ 1 Introduction 

^ I The main purpose of the present work is to study asymptotic properties of the infinite ran- 
J:Q dom graph caUed the uniform infinite quadrangulation. Recall that planar maps are proper 
(^ embeddings of finite connected graphs in the two-dimensional sphere, considered up to orientation- 
^ preserving homeomorphisms of the sphere. It is convenient to deal with rooted maps, meaning 
»> that there is a distinguished oriented edge, whose origin is called the root vertex. Given a planar 
S^ map, its faces are the regions delimited by the edges. Important special cases of planar maps 
are triangulations, respectively quadrangulations, where each face of the map is adjacent to 
three edges, resp. to four edges. 

Combinatorial properties of planar maps have been studied extensively since the work of 
Tutte ^2j, which was motivated by the famous four color theorem. Planar maps have also 
been considered in the theoretical physics literature because of their connections with matrix 
integrals (see [3]). More recently, they have been used in physics as models of random surfaces, 
especially in the setting of the theory of two-dimensional quantum gravity (see in particular the 
book by Ambj0rn, Durhuus and Jonsson j2j). 
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In a pioneering paper, Angel and Schramm [1] defined an infinite random triangulation of 
the plane, whose law is uniform in the sense that it is the local limit of uniformly distributed 
triangulations with a fixed number of faces, when this number tends to infinity. Various 
properties of the uniform infinite triangulation, including the study of percolation on this infinite 
random graph, were derived by Angel [3] (see also Krikun [12] )• Some intriguing questions, such 
as the recurrence of random walk on the uniform infinite triangulation, still remain open. 

Although quadrangulations may seem to be more complicated objects than triangulations, 
some of their properties can be studied more easily because they are bipartite graphs, and 
especially thanks to the existence of a remarkable bijection between the set of all (rooted) 
quadrangulations with a fixed number of faces and the set of all well-labeled trees with the 
same number of edges. See [7] for a thorough discussion of this correspondence, which we call 
Schaeffer's bijection. Motivated by this bijection, Chassaing and Durhuus [B] constructed the 
so-called uniform infinite well-labeled tree, and then used an extended version of Schaeffer's 
bijection to get an infinite random quadrangulation from this infinite random tree. A little later, 
Krikun [11] constructed the uniform infinite quadrangulation as the local limit of uniform finite 
quadrangulations as their size goes to infinity, in the spirit of the work of Angel and Schramm 
for triangulations. It was proved in [12] that both these constructions lead to the same infinite 
random graph, which is the object of interest in the present work. 

Before describing our main results, let us recall the definition of the uniform infinite well- 
labeled tree. A (finite) well-labeled tree is a rooted ordered tree whose vertices are assigned 
positive integer labels, in such a way that the root has label one, and the labels of two neighboring 
vertices can differ by at most one in absolute value. Chassaing and Durhuus [6J showed that 
the uniform probability distribution on the set of all well-labeled trees with n edges converges 
as n — )■ oo towards a probability measure /x supported on infinite well-labeled trees, which is 
called the law of the uniform infinite well-labeled tree. It was also proved in [B] that an infinite 
tree distributed according to /i has a.s. a unique spine, that is a unique infinite injective path 
starting from the root. 

Thanks to this property, the uniform infinite well-labeled tree can be coded by two pairs of 
contour functions {C'^^\ V'^^'>) and {C^^\ \/(^)) corresponding respectively to the left side and 



the right side of the spine. Roughly speaking (see subsect. 2.1.1 for more precise definitions), if 
we imagine a particle that explores the left side of the spine by traversing the tree from the left 
to the right, then for every integer A;, C^ is the height in the tree of the vertex visited by the 
particle at time fc, and V^ is the label of the same vertex. The pair [C^ \ V^^') is defined 
analogously for the right side of the spine. We obtain asymptotics for the uniform infinite 
well-labeled tree in the form of the following convergence in distribution (Theorem [s]): 

"^°° VV /t>o V /t>o/ 

Here C*^^'' and W'^^^ represent respectively the lifetime process and the endpoint process of a 
path-valued process W'^^'^ called the eternal conditioned Brownian snake. Roughly speaking, the 
eternal conditioned Brownian snake should be interpreted as a one- dimensional Brownian snake 
started from (see [IB]) and conditioned not to hit the negative half-line. This process was 
introduced in [T7], where it was shown to be the limit in distribution of a Brownian snake driven 
by a Brownian excursion and conditioned to stay positive, when the height of the excursion 



tends to infinity (see Theorem 4.3 in PT]). Similarly the pair {(^^\W^^'^) is obtained from 
another eternal conditioned Brownian snake W^^\ Note however that the processes W^^^ and 
j/j/(R) g^j,g j^Q^ independent: The dependence between W^^'' and W^^'' comes from the labels on 
the spine, which are (of course) the same when exploring the left side and the right side of the 
tree. 

We can combine the convergence ([l]) with the extended version of Schaeffer's bijection in 
order to derive asymptotics for distances in the uniform infinite quadrangulation in terms of the 
eternal conditioned Brownian snake. Here we use a key property of Schaeffer's bijection, which 
remains valid in the infinite setting: If a quadrangulation is asociated with a well-labeled tree 
in this bijection, vertices of the quadrangulation (except the root vertex) exactly correspond 
to vertices of the tree, and the graph distance in the quadrangulation between a vertex v and 
the root coincides with the label of v on the tree. If V{c[) stands for the set of vertices of the 
uniform infinite quadrangulation q and if dgr{d,v) denotes the graph distance between vertex v 
and the root vertex d, we let the profile of distances be the (X-finite measure on Z_|_ defined by 

for every k G Z_|_. For every integer n > 1, we also define a rescaled profile A^"^ by 




for every Borel subset A of IR+. Then Theorem 6 shows that the sequence A^"-* converges in 
distribution towards the random measure X defined by 



(x,^) = ^/fd.(,(w^i^))+,(iyf) 



for every continuous function g with compact support on ]R_(_. As a consequence, if -Bn(q) 
denotes the ball of radius n centered at d in V^(q), we also get the convergence in distribution 
of n~^#i?„(q) as n — ^ oo. 

Although the present work concentrates on the profile of distances, we expect that the 
convergence ([I]) will have applications to other problems concerning the uniform infinite quad- 
rangulation and random walk on this graph (similarly as in the case of the uniform infinite 
triangulation, the recurrence of this random walk is still an open question). Indeed, thanks to 
the explicit construction of edges of the map from the associated tree in Schaeffer's bijection, 
scaling limits for the uniform infinite well-labelled tree should lead to useful information about 
the geometry of the uniform infinite quadrangulation. We hope to address these questions in 
some future work. 

To conclude this introduction, let us mention that a different approach to asymptotics for 
large planar maps has been developed in several recent papers, which do not deal with local 
limits but instead study the convergence of rescaled random planar maps viewed as random 
compact metric spaces, in the sense of the Gromov-Hausdorff distance. In particular, the paper 
[16j proves that, at least along suitable sequences, uniformly distributed quadrangulations with 
n faces, equipped with the graph distance rescaled by the factor n~^^^ and viewed as random 
metric spaces, converge in distribution in the sense of the Gromov-Hausdorff distance towards the 
so-called Brownian map. The Brownian map is a quotient space of Aldous' continuum random 
tree |I] for an equivalence relation defined in terms of Brownian labels assigned to the vertices 



of the tree. It was first introduced by Marckert and Mokkadem [TH], who obtained a weak form 
of the convergence of rescaled quadrangulations towards the Brownian map. Although we do 
not pursue this matter here, we note that the hmiting process appearing in the convergence 
([I| should play a role in the study of the Brownian map, and should indeed be related to the 
geometry of the Brownian map near a typical point. We may also observe that the convergence 
(nl) is an infinite tree version of the main theorem of [IS] , which gives the scaling limit of the 
contour functions of well-labeled trees with a (large) fixed number of edges and plays a crucial 
role in the convergence of rescaled quadrangulations towards the Brownian map. 

The paper is organized as follows. Section |2] contains preliminaries about trees, finite or 
infinite quadrangulations, and the extended version of Schaeffer's bijection. We also discuss the 
uniform infinite well-labeled tree and quadrangulation as defined in [HI [H] and recall some basic 
facts about the Brownian snake. Section |3] contains the most technical part of this work, which 
is the proof of the convergence ([I]). Our applications to scaling limits for the uniform infinite 
quadrangulation are discussed in Section |4} 

Notation. If / is an interval of the real line, and ii^ is a metric space, the notation C(/, E) 
stands for the space of all continuous functions from / into E. This space is equipped with the 
topology of uniform convergence on compact sets. If ii^ is a Polish space, D(ii^) stands for the 
space of all cadlag functions from [0, cx3[ into -E, which is equipped with the usual Skorokhod 
topology. 

2 Preliminaries 

2.1 Trees and quadrangulations 

2.1.1 Spatial trees 

In order to give precise definitions of the objects of interest in this work, it will be convenient to 
use the standard formalism for plane trees. Let 

oo 
ra=0 

where N = {1, 2, . . .} and N° = {0} by convention. An element m of W is thus a finite sequence 
u = (mi, . . . , Un) of positive integers, and n = gen(M) is called the generation of u. li u,v & U, 
uv denotes the concatenation of u and v. If v is of the form uj with j G N, we say that u is the 
parent of v or that f is a child of u. We use the notation v ~< v' for the (strict) lexicographical 
order on U. 

A plane tree r is a (finite or infinite) subset of U such that 

1. G r (0 is called the root of r), 

2. if f G r and f 7^ 0, the parent of v belongs to r 

3. for every u &IA there exists an integer ku{T) > such that, for every j G N, uj G r if and 
only if j < kuir). 

The edges of r are the pairs {u,v), where u,v & r and u is the parent of v. The integer \r\ 
denotes the number of edges of r and is called the size of r. The height H{t) of r is defined by 



H{t) = sup{gen(M) : u G r}. A spine of r is an infinite linear subtree of r starting from its root 
(of course a spine can only exist if r is infinite). We denote by T the set of all plane trees. 

A labeled tree (or spatial tree) is a pair 6 = (r, {i{u))u£r) that consists of a plane tree r and 
a collection of integer labels assigned to the vertices of r, such that if {u, v) is an edge of r, then 
\i{u)-i{v)\ < 1. 

A labeled tree (r, {i{u))ueT) such that £(0) = 1 and i{u) > 1 for every -u G r is called a 
well-labeled tree. We denote the space of all well-labeled trees by T. The notation T, respectively 
Too, resp. T„, will stand for the set of all well-labeled trees that have finitely many edges, resp. 
infinitely many edges, resp. n edges. 

If 6* = (r, {i{uj)u£T) is a labeled tree, \9\ 
oi 6. A spine of 6' is a spine of r. 

A finite labeled tree 9 = (r, £) can be coded by a pair {Cg, Vq 



t\ is the size of 9 and H{9) = H{t) is the height 



where Ce = {Ce{t)) 



0<t<2|6l| 



IS 



the contour function of r and Ve = iye{t))Q<t<2\e\ ^^ ^^^ spatial contour function of 9 (see Fig. 
[I|. To define these contour functions, let us consider a particle which follows the contour of 
the tree from the left to the right, in the following sense. The particle starts from the root 
and traverses the tree along its edges at speed one. When leaving a vertex, the particle moves 
towards the first non visited child of this vertex if there is such a child, or returns to the parent 
of this vertex. Since all edges will be crossed twice, the total time needed to explore the tree 
is 216*1. For every t G [0, 2|6'|], Co{t) denotes the distance from the root of the position of the 
particle at time t. In addition if t G [0, 2|^|] is an integer, Vg{t) denotes the label of the vertex 
that is visited at time t. We then complete the definition of Vq by interpolating linearly between 
successive integers. Fig. 1 explains the construction of the contour functions better than a 
formal definition. 

A finite labeled tree is uniquely determined by its pair of contour functions. It will sometimes 
be convenient to define the functions Cq and Ve for every t > 0, by setting Ceit) = and 
Vg{t) = Vg{0) for every t > 2\9\. 






Figure 1: A labeled tree 9 and its pair of contour functions {Cg, Vg). 

If 9 and 9' are two labeled trees, we define 

d{9, 9') = (1 + sup {h : tih{9) = tTh{9')}y^ 

where, for every integer h > 0, tTh{9) is the labeled tree consisting of all vertices of 9 up to 
generation h, with the same labels. One easily checks that d is a distance on the space of all 
labeled trees. 



If G T, for every A; G N, we let Nk{6) denote the number of vertices of 6 that have label k. 
We then define ^ as the set of all trees in T that have at most one spine, and whose labels 
take each integer value only finitely many times: 



^ = T U {6* G Too : V/ > 1, Ni{9) < oo and 6* has a unique spine} . 



(L) T.(L)^ 



A tree 6 G S^ can be coded by two pairs of contour functions, {Cq , V^ 



-> 



X 



and 
— )► ]R+ X ]R+, each pair coding one side of the spine. Note that to define the 
pair {Cq \Vq ), we follow the contour of the tree from the left to the right as before, but in 
order to define (Cg , V"g ) we follow the contour from the right to the left. The definition of 



these contour functions should be clear from Fig. 
and Vg tend to infinity at infinity. 
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Note that the functions C, 
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Figure 2: An infinite well-labeled tree 9 and its contour functions {Cq ,Vq ), (Cg , V(_ 



(L) T.(L)^ 



^(R) T/(«)^ 



2.1.2 Planar maps and quadrangulations 

A planar map is a proper embedding of a finite connected graph in the two-dimensional sphere 
S^. Loops and multiple edges are a priori allowed. The faces of the map are the connected 
components of the complement of the union of edges. A planar map is rooted if it has a 
distinguished oriented edge called the root edge, whose origin is called the root vertex. In what 
follows, planar maps are always rooted, even if this is not explicitly specified. Two rooted 
planar maps are said to be equivalent if the second one is the image of the first one under an 
orientation-preserving homeomorphism of the sphere, which also preserves the root edges. Two 
equivalent planar maps will always be identified. 

The vertex set of a planar map will be equipped with the graph distance dg^: if v and v' are 
two vertices, dgr{v, v') is the minimal number of edges on a path from v to v' . 

A planar map is a quadrangulation if all its faces have degree 4, that is 4 adjacent edges 
(one should count edge sides, so that if an edge lies entirely inside a face it is counted twice). 

Let us introduce infinite quadrangulations using Krikun's approach in [TT] . For every integer 
n > 1, we denote the set of all rooted quadrangulations with n faces by Q„, and we set 

Q = U Q- 

n>l 



For every g, g' G Q, we define 

D {q, q) = (1 + sup {r : M,(g) = M,(g')})"' 

where, for r > 1, Mr{q) is the rooted planar map obtained by keeping only those edges of q 
that are adjacent to a face having at least one vertex at distance strictly smaller than r from 
the root. By convention, sup0 = 0. Note that Mr{q) is not a quadrangulation in general (it 
should be viewed as a quadrangulation with a boundary) but is still a planar map. Then (Q, D) 
is a metric space. Denote by (Q, D) the completion of this space. We call (rooted) infinite 
quadrangulations the elements of Q that are not finite quadrangulations and we denote the set 
of all such quadrangulations by Qoo. 

Note that one can extend the function g G Q ^-> Mr{q) to a continuous function on Q. 
Suppose that q G Qoo- When r varies, the planar maps Mr{q) are consistent in the sense that if 
r < r' the planar map My.{q) is naturally interpreted as the union of the faces of Mr'{q) that 
have a vertex at distance strictly smaller than r from the root. Thanks to this observation, we 
can make sense of the vertex set of q and of the graph distance on this vertex set. 

The vertex set of a (finite or infinite) quadrangulation q will always be denoted by V{q), 
and the root vertex of q will be denoted by d. 

2.2 SchaefFer's correspondence 

The relations between quadrangulations and labeled trees come from the following key result 
[SI EI]. There exists a bijection $„, called Schaeffer's bijection, from T„ onto Q„ that enjoys 
the following property: if 6^ = (r, (i'(f ))^Gr) ^ T„, then, for every integer k > 1 one has 

\{a G V{^r.m : dgr{d,a) = k}\ = \{v e r : i{v) = k}\ . 

Schaefi'er's bijection has been extended to the infinite setting in |6j: There exists a one-to-one 
mapping $ from ^ into Q such that, for every 6 = (r, [i[v))^^T-) G ^, for every integer k > 1 
one has 

\{a G V{<^i9)) : dgr{d,a) = k}\ = \{v E r : £{v) = k}\ . 

Note however that $ is not a bijection. There are infinite quadrangulations (in Krikun's sense) 
that cannot be written in the form $(^). 

Let us describe the mapping $ (see [B], Section 6.2. for details). Fix a tree 9 = {t, i) E .y 
and assume that r is infinite (the case when r is finite is similar and easier to describe) . Consider 
an embedding of r in the sphere §^, such that every sequence p = (pn)neN of points of §^ 
belonging to distinct edges of r, has a unique accumulation point A G §^. Recall that a corner 
of r is a sector between two consecutive edges around a vertex. The label of the corner is the 
label of the corresponding vertex. 

We first add a vertex d in the complement of r U {A}. Then, for every vertex f of r and 
every corner c of v, an edge is added according to the following rules: 

• If i{v) = 1, we draw an edge between the corner c and d (see Fig. Isl left). 



If c is on the right side of the spine, if £{v) > 2, and if there exists a corner with label 
i{v) — 1 that is visited after c in the contour of the right side of the spine, we draw an 
edge between c and the first such corner (see Fig. [sj left). 






Figure 3: Construction of a few edges in Schaeffer's correspondence. 



If c is on the right side of the spine, if i{v) > 2, and if there is no corner with label i{v) — 1 
that is visited after c in the contour of the right side of the spine, we draw an edge between 
c and the corner on the left side of the spine with label i{v) — 1 that is the last one to be 
visited during the contour of the left side of the spine (see Fig. Isl middle) . 



If c is on the left side of the spine and if i{v) > 2, we draw an edge between c and the 
corner with label i{v) — 1 that is the last one to be visited before c during the contour of 
the left side of the spine (see Fig. Isl right). 



The construction can be made in such a way that edges do not intersect. The resulting (infinite) 
embedded planar graph whose vertices are the vertices of r and the extra vertex d, and whose 
edges are obtained by the preceding prescriptions, is rooted at the oriented edge between d 
and the first corner of 0. This embedded random graph $(6') can be interpreted as an infinite 
quadrangulation in Krikun's sense. Moreover, for each vertex v of r, 
between the root vertex d and v in the map $(6') coincides with the label i{v). 



the distance dgr{d,v) 



2.3 The uniform infinite quadrangulation 

In this section, we collect the known results about the uniform infinite quadrangulation and the 
uniform infinite well- labeled tree. 

Theorem 1 (^llj). For every n > 1 let v^ he the uniform probability measure on Q„. The 
sequence {i'n)neN converges to a probability measure v, in the sense of weak convergence of 
probability measures on (Q,D). Moreover, v is supported on the set of infinite quadrangula- 
tions. A random quadrangulation distributed according to v will be called a uniform infinite 
quadrangulation. 

This probability measure is connected with the law of the uniform infinite well-labeled tree, 
which appears in the next theorem. Recall that d stands for the distance on the space of labeled 
trees. 

Theorem 2 ([B])- For every n > 1, let fin be the uniform probability measure on the set of all 
well-labeled trees with n edges. The sequence {fin)ne'M converges weakly to a probability measure 
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/i in the sense of weak convergence of probability measures on {T,d). Moreover, /i is supported 
on the set 5^ C Too- ^ random tree distributed according to /i will be called a uniform infinite 
well-labeled tree. 

It was proved in previous work [12] that v is the image of /i under the mapping $ (the 



extended Schaeffer's correspondence) described in subsect. 2.2 This is stated in the next 
theorem. 

Theorem 3 ([IS])- For every Borel subset A of Q one has 

u{A) = f^ U-\A)) . 



Informally, we may say that the uniform infinite quadrangulation is coded by the uniform 
infinite well-labeled tree. 

For our purposes, we do not really need the preceding results. We will mainly use the 
description of the probability measure /i in Theorem |4] below, and the fact that the uniform 
infinite quadrangulation is obtained from a tree distributed according to fi via Schaeffer's 
correspondence. 

In order to give a precise description of the measure /x, we need a few more definitions. Let 
9 = (r, {i{v))yi^r) be an infinite tree in y and let n > 0. If Vn is the (unique) vertex at generation 
n in the spine of 9, we denote the label of f„ by Xn{9) = £(f„). The (labeled) trees attached to 
Vn respectively on the left side and on the right side of the spine are denoted by Ln{9) and Rn{9). 
More precisely, Ln{9) = {tl„, (^L„(f )),;er£„), where Tl„ = {v e U : VnV G r and VnV -< Vn+i}, 
and iLniv) = i{vnv) for every v e tl^, and a similar definition holds for Rn{9). 

For every integer I ^'L'we denote by pi the law of the Galton-Watson tree with geometric 
offspring distribution with parameter 1/2 (see e.g. [E]), labeled according to the following rules. 
The root has label / and every other vertex has a label chosen uniformly in {m — 1, m, m + 1} 
where m is the label of its parent, these choices being made independently for every vertex. 
Then, pi is a probability measure on the space of all labeled trees. Moreover, for every labeled 
tree 9 with n edges and root label /, pi{9) = |12~I^L Since the cardinality of the set of all plane 
trees with n edges is the Catalan number of order n, we easily get 

pi m=n) = pom=n) = 'f^ + {n-'/') (2) 



2v% 
Pim>n) = Pom>n) = 0{n-'/^) (3) 

as n goes to infinity. 

Denote by K = V^,{9) the minimal label in 9. Suppose now that / > 1. Proposition 2.4 of [B] 
shows that 

We define another probability measure pi on labeled trees by setting 

Pi = Pii- I K > 0). 

We will very often use the bound pi < 2pi, which holds for every / > 1 from the explicit 
formula for Pi(K > 0). 



Theorem 4 ([E])- Let Q be a random labeled tree distributed according to /i. Write X„ = X„(6) 
for every n > 0. 

1. The process X = (X„)„>o is a Markov chain with transition kernel U defined by 

n(/,/-i) = ^rf;-i ifi>2, 

n(M) = ^ ifi>i, 



where 



..^2- ^(^ + ^) 



(/ + !)(/ + 2)' 
di = Is (4^^ + 30/' + 59/2 ^ 42/ + 4). 

2. Conditionally given (X„)„>o = {xn)n>o, the sequence (L„)„>o of subtrees of Q attached 
to the left side of the spine and the sequence {Rn)n>o of subtrees attached to the right 
side of the spine form two independent sequences of independent labeled trees distributed 
respectively according to the measures px„, n >0. 

We will also use the following proposition, which is proved in [12]. We keep the notation 
{Xn)n>Q for the labels on the spine of the tree 9. 

Proposition 1 ((IH])- The sequence of processes [\/^^lnt\) converges in distribution in 
the Skorokhod sense to a nine- dimensional Bessel process started at 0. 

We refer to Chapter XI of [20J for extensive information about Bessel processes. 



2.4 The Brownian snake 

In this section we collect some facts about the Brownian snake that we will use later. We refer 
to [T3] for a more complete presentation of the Brownian snake. 

The Brownian snake is a Markov process taking values in the space W of all finite real paths. 
An element of W is simply a continuous mapping w : [0, Q — > M, where ( = C(w) > depends on 
w and is called the lifetime of w. The endpoint (or tip) of w will be denoted by w = w(C). The 
range of w is denoted by w[0, C{w)]. If s G M, we denote the subset of paths with initial point x 
by Wx- The trivial path in Wx such that C(w) = is identified with the point x. The set W is a 
Polish space for the distance 

rfw(w, w') = |C(w) - C(w')l + sup |w(t A C(w)) - w'(t A C(w'))|- 

The canonical space Q = C(M+, W) is equipped with the topology of uniform convergence 
on every compact subset of M+. The canonical process on Q is denoted by Ws{u) = u{s) for 
CO E fl and we write (s = C{Ws) for the lifetime of Wg. 
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Let w G W. The law of the (one-dimensional) Brownian snake started from w is the 
probability Pw on Q which can be characterized as follows. First, the process (Cs)s>o is under P^ 
a reflected Brownian motion in [0, oo[ started from ((^^y Secondly, the conditional distribution of 
(Ws)s>o knowing {(s)s>o, which is denoted by Q^, is characterized by the following properties: 

1. Wo = w, Qi a.s. 

2. The process (Ws)s>o is time-inhomogeneous Markov under Q^. Moreover, if < s < s', 

• Ws'{t) = Ws(t) for every t < m{s, s') = infj^^^/] (,., 6^ a.s. 

• {Ws'{m{s', s) +t) — Wsf{m{s, s')))o<t<(- ,-m(s s') i^ independent of Wg and distributed 
under Q^ as a Brownian motion started at 0. 

Informally, the value Wg of the Brownian snake at time s is a random path with a random 
lifetime Cs evolving like a reflected Brownian motion in [0, cxd[. When (s decreases, the path is 
erased from its tip, and when (s increases, the path is extended by adding "little pieces" of 
Brownian paths at its tip. 

We denote the Ito measure of positive excursions by n(de) (see e.g. Chapter XII of PU]). 
This is a a-finite measure on the space C(M+,]R-|-). We write 

a(e) = inf{s > : e{s) = 0} 

for the duration of an excursion e. For s > 0, n(s) denotes the conditioned probability measure 
n(- \<T = s). Our normalization of the Ito measure is fixed by the relation 

If a; G M, the excursion measure M^, of the Brownian snake started at x is defined by 

n,= f n{de)Ql. 

JC(K+,R+) 

With a slight abuse of notation we will also write o"(a;) = inf{s > : Cs{^) = 0} for cj G H. We 
can then consider the conditioned measures 






/C(R+,M+) 

The range TZ = 1Z{uj) is defined by 7^ = {Wg : s > 0}. We have, for every x > 0, 

N,.(7^n]-cx),O]^0) = ^. (6) 

See e.g. Section VI. 1 of [13] for a proof . 
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2.5 Convergence towards the Brownian snake 

In this section, we recall a standard result of convergence towards the Brownian snake. Let 
T = (6*1, 6*2, . . .) be a sequence of independent labeled trees distributed according to the 
probabiUty measure po- We denote by C-^ = {C-^(t))t>o the contour function of the forest 
J-", which is obtained by concatenating the contour functions of the trees 61,62, ■■ ■■ Similarly, 
V-^ = {V-^(t))t>o is obtained by concatenating the spatial contour functions of the trees 61, 62, ■ ■ ■■ 
Note that this concatenation creates no problem because the labels of the roots oi 61,62, ■■ ■ are 
all equal to 0. 

In the next statement, {Wt)t>Q is the Brownian snake under the probability measure Pq and 
(Ct)i>o is the associated lifetime process. 

Proposition 2. The sequence of processes 



(^^'("^'Wl^ '^"'"^'O 



converge in distribution to the process (Q, Wt)t>o in the sense of weak convergence of the laws 
on the space C{R+,R'^). 

The convergence of contour functions in the proposition follows from the more general 
Theorem 1.17 of [H] (in our particular case, it is just a straightforward application of Donsker's 
theorem). The joint convergence with the spatial contour process can then be obtained as an 
easy application of the techniques in \iQl . 

Theorem [5] below provides an analogue of Proposition [2] when the forest of independent trees 
J-" is replaced by the forest of subtrees branching from the left (or right) side of the spine of 
the uniform infinite well-labeled tree. This replacement makes the proof much more involved, 
essentially because of the positivity constraint on labels. 

3 Scaling limit of the uniform infinite well-labeled tree 

3.1 The eternal conditioned Brownian snake 

We start by introducing the eternal conditioned Brownian snake, which will appear in our limit 
theorem for the uniform infinite well-labeled tree. Let Z = {Zt)t>o be a nine-dimensional Bessel 
process started at 0. Conditionally given Z, let 

be a Poisson point process on IR+ x Q with intensity 

2 1{7^Hc]-z„oo[}dtNo(dcJ) (7) 

where we recall that TZ{uj) denotes the range of the snake. We then construct our conditioned 
snake W°° as a measurable function G{Z, V) of the pair {Z, V). Let us describe this function G. 
To simplify notation, we put 
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for every i G / and s > 0. For every m > 0, we set 



T"m = ^ l{ri<u}Cri- 

iei 



Then, if s > 0, there is a unique u such that r^j„ < s < t^, and: 
• Either there is a (unique) i G / such that u = ri and we set 



Zt 



writ) 



if t < M, 



Z^ + Wl^^_{t-u) iiu<t<C. 



• Or there is no such i, then Ts- = u = Ts and we set 

cr = «, 

These prescriptions define a continuous process iy°° = G{Z, V) with values in W. As usual the 
head of W^ at time s is W^ = W^{(^). We say that W°° is an eternal conditioned Brownian 
snake. 

The preceding construction can be reinterpreted by saying that the pair {CTyW^)s>o is 
obtained by concatenating (in the appropriate order given by the values of r^) the functions 



[r, + C,Zr, + W: 



' 0<S<CTi 

In particular, it is easy to verify that, a.s. for every u > 0, 

Tu = sup{s > : C < u}. 

This simple observation will be useful later. 

If i^ > is fixed, an application of ^ gives for every u > 0, 



inf W?° > K 



S>Tu 



E 



exp —3 



Kr' - [Zs 



ds 



with the convention that the integral in the exponential is infinite if Z^ < i^ for some s >u. 
The right-hand side of the previous display tends to 1 as m — ?■ cxd, and it follows that 



lim ly; 



+CX3 , a.s. 



(8) 



Suppose that conditionally given Z,V is another Poisson measure with the same intensity as 
V, and that V and V are independent conditionally given Z. Then let W°° = G{Z, V) as before 
and also set W°° = G{Z,V). We say that {W^, W^) is a pair of correlated eternal conditioned 
Brownian snakes (driven by the Bessel process Z). 
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3.2 Convergence of the rescaled uniform infinite well-labeled tree 

Throughout this subsection, we consider a uniform infinite well-labeled tree G, and we use the 
notation introduced in Theorem |4j In particular X„, n G Z_|_ are the labels along the spine of 
0, and L„ and -R„, n G Z_|_, are the subtrees attached respectively to the left side and to the 
right side of the spine. Recall that the left side (resp. right side) of the spine can be coded by 
the contour functions {C^^\V'^^^) (resp. {C'^^\V'^^^)) . The main result of this section gives 
the joint convergence of these suitably rescaled random functions towards a pair of correlated 
eternal conditioned Brownian snakes. 

Theorem 5. Let (W'^^\ W^^'') he a pair of correlated eternal conditioned Brownian snakes. We 
have the joint convergence in distribution: 






In ^ V.>o 



(9) 



where (^^^ = Ctu/Wy resp. Ci^-* = C/u/iR))? for every s > 0. The convergence in distribution (9) 
holds in the sense of weak convergence of laws of processes in the space C(]R+,]R^)^. 

Before proving Theorem [5| we will establish a few preliminary results. For every finite 
labeled tree 9 and every t > 0, we set 



where (Cg, Ve) is the pair of contour functions of 6. In addition, we also write 

Proposition 3. Let ip be a bounded continuous function from C{M.^,'. 

that there exists rj > such that (p{f, g,s) = if s < rj. Fix z > and let {x 



into 



. Assume 
be a sequence 
of positive integers such that J ^ Xn ^ z as n goes to oo. We have the following convergence: 



njn& 



^(n) T^(n) 



2101 



np.„(^(cr,i^;',^, ,,_ 



Proof. Recall the notation 



Wi 



1(1 + 3) 



2NA^iC,W,a)l{^^c]o,oo[} ■ 



2pKK>0), 



(/ + !)(/ + 2) 
for every integer / > 1. Fix K > rj. Then, for every integer n > 1, 

2101 



np.^[v[cl-\vt\ 



n^ 



2nw;,>x.„(l|^(v.W)^] 



0,oo[}<^(C'< 



(n) y{n) 



2101 



n^ 






2^«^xi E P-n(l^l = ^)P-n(l{7^(yr)c]o,oo[}<^(^J"^^6 



(n) T^(n) 



m 



n^ 



\e\ = k 



2nw~;:p.,„i\e\>Kn')pJl 



-{7^{y'"')c]o,(»[}^ 






2101 



n^ 



101 > Kn' 



(10) 
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The first term in the right-hand side of (10) can be written as 



2n^w-^ 



[jfn^J+l 



" I \rynf/2\_ 



dsp.„(|^| = b'^'j)Px„(l|^(v^W)c]o,oo[}<^(c'i"^^i"^ 



n) 2bn2j 



n^ 



1^1 = b^'J 



(11) 
In order to investigate the behavior of the quantity (11) as n — )■ oo, we use a result about 



the convergence of discrete snakes. Fix y > and let {yk)k&i be a sequence of positive integers 
such that {9/Sky^*yk -^ y as n goes to oo. Let (^t)t(z\Qi] be distributed according to N^'^ (see 



subsect. 2.4). Then {et)t(z[o,i] ■= (C(Wt))te[o,i] is a normaUzed Brownian excursion. Theorem 4 of 
[7] (see also Theorem 2 of [10]) implies that the law of the pair 

Ce{2kt) /9y/^ Vg{2kt)\ 



under py^ (■ 116*1 = A;) converges as k goes to infinity to the law of {et,Wt)teio,i] in the sense of 
weak convergence of probability measures on C([0, 1],]R^). If s > is fixed, we can apply the 
previous convergence to integers k of the form k = [sra^J, noting that {9/8[sn'^\Y^^Xn converges 
to {2s)~^^^z under our assumptions, and we get 



^^"U{7^(yJ"')c]o,oo[}'^('^e . ^e . „2 



(n) ,,{n) 2[sn2j 



\e\ = [sn^\ 

.-i;;^ ^S)-/^. (l{7^c]o,oo[}^ (v^C(./2.), i2sy/'W^./,,),2s 
To justify the latter convergence, we also use the property 



N 



(1) 

(2.) 



-1/4, 



inf W^t = = 



which follows from the fact that the law of the infimum of a Brownian snake driven by a 
normalized Brownian excursion e has no atoms: see the beginning of the proof of Lemma 7.1 in 

A scaling argument then gives 

^^$sr^/^. (l{7^c]o,oo[}<^ (v^C{./2s), {2sY/'W^./2s), 2s)) = Nf ) (l{7^c]o,oo[}<^ (C, W, 2i 

and thus we have proved, for every fixed s > 0, 



P^A'^mvj-^K]0M}'^[^^ '^6 



^(n) T^(n) 



2[sn^\ 

' 9 



1^1 = L^^'j) n"^^^''^ {l{nc]0M}v{C,W,2s 



il2] 



From the explicit formula for wi, we have wi > 4/3 for every / > 0. Using also (|2|, we see 
that the following bound holds for all sufficiently large n: for every s G [f], K], 



where Hv^Hoo is the supremum of \ip\. 



(n) y{n) 2 1^1 






\9\ = [sn^\ < 



m 



2vW"^ 

(13) 
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We can use (|2]), (12), (13) (to justify dominated convergence) and the fact that Wx„ — )■ 2 as 

n -n- ex 

K ds 



n — )• oo to see that the quantity (11) converges as n — ^ oo to 
^K ds 



=Nf)(l|7ec]o,oo[}^(C,W^,2s 



Since this holds for every K > ri.we get by using ([s]) that 



Ni2^)(l{7^c]o,oo[}V^(C,W^,2s 



hm inf n p^ ( </? ( C^"^ , vj"'' 



2101 



n^ 



> 2 N J 1 



z \^{nc]Q,oo 



[}v{C.w, 



a 



Similar arguments, using also the estimate (|3|, lead to 



lim sup npx„{ip{ cj"^ , V^^"^ 



21^1 



< / "" ^^Nf ) (l{7^c]o,oo[}V' (C, W^, 2^)) + ^ ll^l 



with a constant C that does not depend on K. By letting K ^ oo, we get 



limsuprap^„ (/? C^ ^ Vg^ ^ 



i(n) T^(n) 



2101 



n^ 



<2NJl|7^c]o,oo[}^ C,W^,^ 



which completes the proof. 



D 



We now state a technical lemma, which will play an important role in the proof of Theorem 
[5J We need to introduce some notation. For every integer n > 1 and every h > 0, we set 



r(^'-''^) = ^ + Y:2n~'\L, 



W 



i=0 



This is the time needed in the rescaled contour of the left side of the spine to explore the trees 
Li, Q < i < \nh\. Furthermore, for every integer /c > 0, we write Jk for the unique index i such 
that the vertex visited at time k in the contour of the left side of the spine belongs to Lj. 

Lemma 1. Let h > 0. For every n > 0, we can find 6 > sufficiently small so that, for all 
large integers n, 

1 



P 



sup — 



■h 



\rfiu\ 'J\rfiv\ 



> K 



< K. 



Proof. To simplify notation, we write p„(fi;, 6) for the probability that is bounded in the lemma. 
Suppose that there exist u and v with < u < v < r^^'"-''^') and v — u < 5, such that 
I Jin^u] — Jin'^v] I > nn. Notice that all vertices belonging to the subtrees L, for indices i such 
< i < Jl„2^j are visited by the contour of the left side of the spine between times 



that J\ 



[n'^u] 



[n u\ and [n fj. Hence 






Since | J^^a^j — J^^a^j | > hk, we can find an integer j of the form j = I \nK/2\ , with 1 < / < 
nh/ \nK/2\ , such that the inequalities Jl„2uJ < i < J^^a^j hold for z = j + 1, j + 2, . . . , j + \nK/2\ . 
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It follows from the preceding considerations that 

Pn{K,S) < P 



< P 



y s2 ^ \Lllnn/2\+i\<n'^S + l 

l<l<nh/lnK/2\ { i=l 

/LW2J 
l<l<nh/lnK/2\ \ J=l 



From Proposition [T] and properties of the Bessel process, we can fix r/ > and A > such 



that 



P 



r/v^ <Xi< A^, Vi e { [nK/2\ ,..., [nh\ + [nK/2\ }! > 1 - k/2. 



It follows that 



K 



Pn{K,s)<-+ y: p 

l<l<nh/\nK/2\ 



\nK/2\ 



Pi \2\Li\nK/2\+i\ < n^S + 1, r]^/n < Xi\nK/2\+i < A^/ri^ 



i=l 



K nh 

- 2 ^ [nK/2\ 



sup px {2\9\ 



\nK,/2\ 



<n'5 + l 



using the conditional distribution of the trees Li given the labels on the spine (Theorem E|. We 
can find a large constant i^ > such that, for every sufficiently large n, 

K nh f ir\L"«/2J 

2 [nK/2\ V n) 

To complete the proof of the lemma, we just have to observe that we can choose 5 > sufficiently 
small so that, for all n large, 

inf px[2\e\ >n^5 + l] > — . 

This is indeed a consequence of Proposition [3| together with the fact that 

limN^(a > (5,7^ c]0, oo[) = N^ (7^ c]0, oo[) = +oo. 
54,0 

D 

We denote the rescaled contour functions of the labeled trees Li (resp. Ri) by C}^" and Vj\ 
(resp. Cjj" and V^" ), in agreement with the notation introduced after Theorem 5 To simplify 
notation we also put 



X, 



(n) 



X\nt\ , t>0. 



Proposition 4. Fix e > and ho > 0. Let (p : D(M+) -^ R and ^^^\il)^^^ : M+ x C(M+,M)2 x 
M-i- — )■ ]R+ be continuous functions. Assume that cj) is hounded, and that ip^^'' and ip^^'' are 
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Lipschitz with respect to the first variable and such that ip^^\h, f, g,s) = and 'ip^^\h, f, g, s) 
if h > Hq or s < e. Then 



E 



0(xW)expf-f;V^(^) f-, #,!//") ^'^ 



j=0 






e.p(-g,<«.(l4"'.Vr.^ 



E 



(Z) exp [-2 j^ Ah Nz, (l{7^c]o,oo[} (l - exp -z^(^) (/i, C, W, a 



X exp [-2 j^ dh Nz, (l{7ec]o,oo[} (l - exp -^(^^ (/i, C, W, a) 

where Z is a nine- dimensional Bessel process started from 0. 

Remark. We can interpret the limit in the theorem in terms of Poisson point processes. Condi- 
tionally given Z, let (p(^),p(^)) be a pair of independent Poisson point processes on IR+ x Vl 
with intensity given by ([T]). Then, the exponential formula for Poisson point processes shows 
that the limit appearing in the proposition is equal to 



E 



(j) (Z) exp (- f ^(^) (/i, C(cj), Zh + WXio), a{uj)) V^^\dh, dw) 



X exp (- [^'■^^ (h, C(cj), Zh + WXuj), (t(cj)) V'^^\dh, dw) 



Proof. We have 
E 



0(xW)exp(-f;V^(^) [-,d"\\/^) ^'^ 



i=0 






expf-f;v.'«'f^.ci,':'.vi:'.'§ 



i=0 



n 



n^ 



^ 



x(")) n E 



4 = 



,-^(^)('-,d"\y("\^ 



X- 



exp-^^-M -,Ci':),T/,^ , ^, 



oo 

xllE 



i=0 



S(R) ( ^ nin) TA(n) 2|-Ri 



X- 



(14) 



using the independence of the subtrees Li and Ri given the labels on the spine (Theorem H). 
Let us study the contribution of the left side of the spine in (14). By Theorem |4] again, 



j=0 



^ r^W T/(") ^l-^«l 



exp-^(-)^,ci:\v^i: 



n^ 



X 



nPxiexp-V^(^)[l,C("\r, 



^ r-W T/W 2|^| 



i=0 



' 9 



expflogpx, (^exp-^(^) (^^C'i-^T/J"^^)) 

expn/^°° dt log (^1 - px,„, (l - exp -V^(^) (^M, Ct\ vt\ 



2\e\ 



n^ 



(15) 
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By Proposition [T] and the Skorokhod representation theorem we can find, for every n>l, 
a process (XJ!) having the same distribution as {Xk)j^yQ, ai 

process Z started from 0, such that almost surely, for every a > 



converges 



0' (V 2n^M/o<t<a 

uniformly to (^t)o<t<a as n goes to infinity. Using the Lipschitz property of -ip^^^ in the first 
variable, together with the fact that tp^^^h, f,g,s)=Oiis< e, we have, for some constant K, 



< Kp^„ {\e\ > [en^\/2) < 2K po{\e\ > [en^\/2), (16) 

[ntj 

which tends to as n — !■ oo. We then deduce from Proposition [3] that, for every fixed t > 0, 



n 



Px 



n l-exp-^(^) t,Ci"\\/J") 



[ntJ 



2\9\ 



;^ 2Nz, (l{7^c]o,oo[} (l - exp -^(^) (t, C, W,a))) 
From our assumptions on ■ip^^\ we have for every t > and n > 0: 



a.s. 



(17) 



^L"tJ \ \ n n^ J J 

= np^„ l{i</io+i}l{|e|>Un2j/2} 1 - exp -ip 

[ntJ \ \ 



(L) 



[nt\ 



n 






2\9\ 



n^ 



< l{t<feo+i} ^P3^n [\0\ > [en J/2 



It then follows from (pi) and the bound pi < 2pi that there exists a constant K' > 0, which does 
not depend on t, such that for every t > and every n > 1 one has: 



np^„ 1 - exp -4) 



(L) 



L^^J Mn) .An) 2\e 

, O/l , V r 



LntJ 



n 



n^ 



< K'l 



{t<ho+l}- 



Thus, we can use (16), (17) and dominated convergence to see that the right-hand side of (15) 



with X replaced by X"', converges a.s. to 



exp -2 J dt Nz, (l{7^c]o,oo[} (l - exp -V^(^) (t, (, W, a 



as n — ^ oo. A similar analysis applies to the contribution of the right side of the spine in (14) 



Using the fact that X" has the same distribution as X (so that the right-hand side of (14) 
coincides with a similar expectation involving X") we conclude that 



E 



0(x("))exp -5:^ 



(i) 



i=0 



^ r^n) .An) 2\Li\ 

n n^ 



exp - ^ V^ 



(R) 



i=0 



^ r^{") T/{") 2|i?i 



E 



0(Z)exp-2 TdtNz, (l{7^c]o,oo[} (l - exp -^(^) (t,C,P^,a))) 
X exp -2 /" dtNz, (l{7^c]o,oo[} (l - exp -V^(^) (t, C, W^, ^))) 



This completes the proof. 



D 
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Fix /lo > and £ > 0. Let 'piL,nM,e) i^^ ^.j^g f^^^j^g ^^^^^ measure on [0, ho] x C(]R+,M)2 x IR+ 
defined by 

We denote by p('^'"'^o,e) ^j^g point measure defined similarly for the right side of the spine. The 
random variables p(^'"'^0'^) and p('f^."''io,£) ^^g^j^g values in the space 

E := Mf (m+ X C(M+,M)2 X M+) 

of all finite measures on IR+ x C(]R+,]R)^ x M.^, which is a Polish space. 

Let Z he a nine- dimensional Bessel process started at 0. As in the preceding proof we consider 
two point processes V^^^ and p(-^) on M+ x Q, which conditionally given Z are independent and 
Poisson with intensity given by ([T]). Then we define a random element 'p(^'°°''^o,e) ^^ ^ ^^ 

J v(^^^''^<-^\dhdfdgds)Fih, /, g, s) = j V^'^\dhduj)F{h, C(u;), Z^, + W{uj), cT(a;))l|,<,„,.(^)>,|. 

We similarly define 'p(^-^°°^^o,e) ^Yoia the point process V^^\ 
Corollary 1. For every fixed e > and ho > 0, 

(Xi'^^) 'p{L,n,ho,e) 'p(R,n,ho,e)\ , ( y^ -p(L, oo,/i,o,e) 'p(R,'Xj,ho,E)\ 

\ ' ' / n— s>oo \ ' ' / ' 

in the sense of convergence in distribution for random variables with values in D(]R+) x E x E. 

Proof. Let us first show that the sequence of the laws of P'^^'"''*"'^) is tight. We will verify that, for 
every a > 0, there is a real number M^ > and a compact subset K^ of [0, ho] x C(]R+, M)^ x ]R+ 
such that, for every integer n > 1, with probability at least 1 — a, the measure p(^'"''*0'^) has 
total mass bounded by Mq, and is supported on Ka- Since the set of all finite measures supported 
on Ka with total mass bounded by M^ is compact, Prohorov's theorem will imply the desired 
tightness. 

Since for every x > 1, 

PMiCJr^) >e)< 2pM{CJr^) >e) = 2po(2|0| > en') = 0{n~') 

a first moment calculation shows that we can find a constant Ma such that, for every n > 1, 



'p{L,n,ho,e) 



>M. 



a 
<2- 



A similar argument shows the existence of a constant Ha large enough so that, for every n, 



P 



a 
<4- 



p(L,n,ho,£)QO,/io] X C{^+,M.f X]H a, O0[) > 

We will thus take the compact set Ka of the form 

Ka = [0,ho]x}CaX[0,Ha]. 

where /C^ will be a suitable compact subset of C(]R+,]R)^. To construct /Cq, we rely on the 
convergence results for discrete snakes. We first note that, thanks to the convergence in 
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distribution of the rescaled processes {y ^^[nt\j , we can find a constant Aa such that, for 
every n > 1, 



P 



sup Xi > AaVn 

0<i<[honi 



< a/8. 



Theorem 4 of [7], or Theorem 2 of (lU], imphes that the coUection of the distributions of the 

processes (Cg , Vq ) under the probability measures px (■ | en^ < \9\ < Ha'n?), for n > 1 and x 
varying in [0, Aay/n], is tight (of course the choice of x here just amounts to a translation of the 
labels). In particular, we can find compact subsets /C of C(M+,M)^ for which 



-,{n) -^An) 



pA{CT\Vr)ilC\en'<\e\<H^n^ 



is arbitrarily small, uniformly in a; G [0, Aa\/n\ and n>l. Using once again the bound pi < 2pi 
and the estimate (tsl), we can thus find a compact subset /C^ of C(]R+,]R)^ such that 

{[nho\ + 1) X p. {{iCJr\vt^) i /C„} n [en^ < \e\ < H^n'}) < a/8, 

for every x G [0, A^y/n] and n > 1. From this last bound and a first moment calculation, we get 



P 



sup X, < A^Mn |p(^'"''^0'^)([0,/io] X /C^ X [0,H^]) > o| 
o<j<L^o"J J 



< a/8. 



We take K^ = [0, Hq] x /C^ x [0, Ha] as already mentioned, and by putting together the previous 
estimates, we arrive at 



P 



np{L,nM,e)\ < JVf^l p ^'p{L,nM,e)^j^c^-^ ^ g} 



> 1-a. 



This completes the proof of tightness. 

The same arguments also give the tightness of the sequence of the laws of.V^^'"'''^°'^\ Therefore, 
we know that the sequence of the laws of (^x("),p(^'"'''0'^),p(^'"''^0'^)) is tight. 

Proposition 111 and the remark following the statement of this proposition, now show that 



E 



^ fX*-"^ -p{i.".^o,e) 'p(R,n.. 



ho,s) 



E 



* (z, vi°°' 



; ' R 



for all functions \1/ of the type 

"^iu, 1711,1712] 



[u) exp 



ip^^'^dmi- f ij^^'^dm2J 



with 0, ^^'^^ and ip^^^ as in Proposition |4| Once we know that the sequence of the laws of 
(^X^n) ^p(L,nM,e) ^p{R,n,ho,e)'^ is tight, this sufficcs to get the statement of CoroHary ll, D 

Proof of Theorem^ Throughout the proof, /iq > is fixed. We consider as previously a triplet 
{Z,V''^\V^^^) such that Z is a nine-dimensional Bessel process started at 0, and conditionally 
given Z, (py^\p^^>] is a pair of independent Poisson point processes on IR+ x Q with intensity 
given by (ITJ). We assume that the process W'^^\ resp. W^^^ i s th en determined from the 
pair {Z,V^), resp. (Z, P*^^)), in the way explained in subsect. 
subsection, we also use the notation 

ri^) = sup{s>0:CP<n} 



3.1 



In agreement with this 
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/^(L,n,ho,s) 




(L,n,ho) 



< £ 



Figure 4: The processes C(^'"''^o) and C'(^'"''^0'=). 



for every u > 0. 

Let us fix £ > 0. For every n > 0, let (7(^'"''*o,e) denote the concatenation of the functions 
( - + Cr (t)) , for all integers i such that 2n^^|L,;| > e and i < nhn. The random 

function C'^^'^-'^O''^) is defined and cadlag on the time interval [0,r'^^'"''*''''^)[, where 



r 



(L,n,/io,£) 



X! l{2n-2|L,|>e}2n |Lj|. 
i<nho 



(18) 



We extend the function t -> c^L,nM,e) ^^ [o,oo[ by setting ^(^.".'^o ,£)(,/:) = Md for every 
te [r(^'"''*»'^),oo[. 

We denote the rescaled contour function of the left side of the spine of the uniform infinite 
well- labeled tree, up to and including its subtree i^[nhoJ ^^ generation [n/ioj, by C^^'"'''^°\ The 
function t — > (7(^'"''^")(t) is defined and continuous over [0, r^^'*^'^")], where as previously 



r 



{L,n,ho) 



1 Z .*— ' 



n^ 



(19) 



i<nho 



Again, we extend C(^'"''*o) to [0, oo[ by setting C^L,nM) (^t^ = il^ if t > ^{i,n,?«o)_ Note that we 
have also 



r^ 



sup|t>0: -C^^\nH) < 
[ n 



n 



and that C^L,nM)(^t^ = ^q{l)(^^2(^^ ^ ^(L,n,/.o))) fo^ every t > 0. The difference between C'^^'^'M 
and (7('^'"''^0''^) comes from the time spent on the spine by the contour of 9 and the contribution 
of small trees. See Fig. |4|for an illustration of the processes C^^''^''^°^ and (7(^'".^o,e)^ 
Similarly, we denote by V^^'"''^°'^^ the concatenation of the functions (Vr (t)] 

for all integers i such that 2n~'^\Li\ > e and i < nho, and we extend this function to [0, cxd[ by 
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setting V^(^.".'^o,£)(i) = ^fij/n ^^^ ^ ^ r^^'^'-'^O'^). We define the process V^(^'"''*o) analogously to 
(jiL,n,ho)^ replacing the contour function by the spatial contour function. 

We define in the same way the processes C^R'^''^o,£) ^ Y(R,n,ho,e)^ Q{R,n,ho) and V^(^'"''^o) for the 
right side of the spine. 

Finally, let r(L,oo,ho,e) ^nd -piR^^M^e) ^^ ^^^ p^j^^ measures on M+ x C(M+,M)2 x M+ defined 

from V^^^ and V^^^ in the way explained before Corollary [ij We define four processes c'^^'^'^°''^\ 
Y{L,co,hQ,e) ^ (j(R,oo,ho,e) ^nd \/(^'°°'^o,e) j-^y imitating the preceding construction but using the 
point measures ^(^,00^,6) ^nd piR'^'i^o^e) instead of p(^'".'^o,£) and p(R'^'ho,e)^ y^^^^ exphcitly, 
if (ri, {fi,gi),si), (r2, {f2,g2),S2), etc. are the atoms of p^^'°°''^o,£) listed in such a way that 
ri < r2 < ■ ■ ■ , the process 0^^'°°''^°'^^ is obtained by concatenating the functions (ri + /i(t))o<t<si, 
{^2 + /2(i))o<t<s2) etc., and the process V(^'°°''^0'^) is obtained by concatenating the functions 
(fl'i(^))o<t<si, (5'2(^))o<i<s2) etc. The random functions (7(^'°°''*0''^) and V^^'°°''^°'^^ are a priori only 
defined on a finite interval [0, r^^ '^ [, but we extend them to [0, cx3[ by setting 



f^{L,oo,ho,£) 



Vt 



{L,oo,ho,£) 



{ho, Z, 



hot 



for every t > Tf^ '^ 



'ho 



Using Corollary [T] and the Skorokhod representation theorem, we may find, for every n > 1, a 
triplet (^x'^^) ^p(L,n,ho,e) ^p{R,n,ho,e)^ having the same law as the triplet (x("), p(-^'"'^0'^), ^(^'"'''O'")' 
and such that 



j^{n) 'p{L,n,ho,£) 'p{R,n,ho,s) 



^ 'p{L,oo,h(i,e) 'p{R, 



oo,ho,£) 



(20) 



almost surely. We can order the atoms of the point measures considered in ( 20 ) according to 



their first component. From the convergence (20), we deduce that almost surely for n large 



enough the measures 'p(^''*''^o,e) and p(^'°°'''o,e) have the same number of atoms, and the i-th 
atom of 'p(-'^'"''*o,£) converges as n — > 00 to the z-th atom of 'p(^'°°'^o,e)_ 'pj^g game property holds 
for the right side of the spine. 

With the point measure pi^'^'^O'^^ , we can associate random functions ciL^^M,e) ^ y{L,n,ho,e) 
defined in the same way as C^^''^''^°'^\V'^^'^''^°'^'> were defined from p(^'"'^o,e)^ Similarly, with 
the point measure p(^'"''*0'^) we associate the random functions C^R^'^'^0,1:) ^ Y{R,n,ho,i:) _ From the 
almost sure convergence of the atoms of 'p(^''^''^o,e) ^ resp. 'p(R'"-'^o,e) ^ towards the corresponding 
atoms of 'p(^'°°''^o,e)^ resp. p(^'°°''^o,e)^ i^ ig then an easy exercise, using the definition of the 
Skorokhod topology, to check that we have almost surely 

fPj(L,n,ho,£) Y{L,n,hf,,e)\ , ^ rj {L ,co ,ho ,e) t/(L,oo,/io.£)A ^21') 

and similarly 

fpy{R,n,ho,e) Ty{R,n,ho,£)\ , / /^(R,oo,ho,e) -ir(R,oo,ho,e)\ (00\ 

in the sense of the Skorokhod topology on D(M^). 

Let (isk be a metric inducing the Skorokhod topology on D(]R^). We may assume that 

4k((/i,5'i),(/2,5'2)) < ll/i -/2II00 + \\gi -5'2||oo, where 



Then let F be a bounded Lipschitz function on D(l 



oo = sup{|/(t)| :t>0}<oo. 
D)(M2). From ([2T| and ([22l), we have 



E 



F ( (C'(^'^'^o,£) T/(i,n,/io,£)A (ri{R,n,ho,e) T^{i?,n,/io,e) 

f fP^{L,n,h(,,e) f^(L,n,/io,e)\ f P^{R,n,ho,e) f>(i?,n,/io,e)^ ^ 

/ /^{L,oo,ho,e) •tr{L,oo,ho,e)\ / /^{R,oo,ho,e) •tr{R,oo,hQ,£)\\ 



[^((' 


j(L 


= E 


F 


— > 


E 



(23) 
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Our goal is to prove that 



E 



p (((j{L,n,ho) y{L,n,ho)\ (^{R,n,ho) y{R,n,ho)\\ 

F ( ((j(^'^'^o) Y{L,co,ho)\ /^(_R,oo,/io) yiR, 



E 



oo,ho) 



(24) 



where ^C^L,oc,ho)^t^^v^^'°°'^'^\t)) = {C^^\^^,W^^\^^), and the processes ^C^R,oc,ho)^f^^v^^'°°^^''^t)) 



thT, 



hQ 



thT, 



are defined in a similar manner. As we will explain later, the statement of Theorem |5] easily 
follows from the convergence (24). 



In order to derive (24) from (23), we use the next lemma. 



Lemma 2. (i) For every rj > 0, we have, for all e > small enough, 



lim sup P 



and 



lim sup P 

n—^oo 

(ii) We have for every rj > 0, 



sup 



sup 

i>0 



Q{L,n,ho,£)U\ _ (j{L,n,ho)(f\ 



Y(L,n,ho,e)f^\ _ Y{L,n,ho)U\ 



> T] 



> rj 



< 7] 



< rj. 



and 



limP 

e-s>0 



limP 



sup 

t>0 



sup 

t>0 



/-((L, oo, /).(), £)/^\ _ ^(L,co,ho)u\ 



YiL,oo,ho,£)U\ _ YiL,oo,ho)U\ 



> rj 



> 1] 



0. 



Let us postpone the proof of Lemma [2] and complete the proof of Theorem [5j Fix S > 0. 
From part (ii) of the lemma (and the obvious analogue of this lemma for processes attached 
to the right side of the spine), and our assumptions on F, we can choose ^o > such that, for 
every e e]0,£:o[, 



E 



F ( (n^^^'^'^o) T/(-L,oo,/io)\ f^{R,co,ho) T/(_R,oo,/io)AA 
p f / /-y{L,oo,ho,e) T^(L,oo,/io,e)A ( f^iR,oo,ho,e) t^(-R,co,/io,£) 



<6. 



From part (i) of the lemma, and choosing e even smaller if necessary, we have also 
limsup^; f F ((c(^'"'^o), \/(^'"''^°)) , (C(^'"''^«), \/(^'"'''«))) 

n— >-oo L \\ / V // 

— F ff(7(-^'"'^0'^) T/(-f''".'*0,e)A f(j{R,n,ho,£) T/(-R.",'iO,e) 



<5. 



Hence, using also (23), 



lim sup E [ F {fc^L,nM)^ •^/(L,n,/^o)^ ^ f(j(R,n,ho) ^ •^{iJ,n,/.o)A A 

— F f fc*(-'"'°°'^o) \/{-f''°°.'*o)^ {(j(R,<xiM)) ^(-R.oo.'io) 



<2(5, 
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Since 5 was arbitrary, this completes the proof of (24). We have thus obtained 



^(L,n,ho) Y(L,n,h(-,)\ ( Q{R,n,h()) T/(K.".'io)A A 

^^\ f fQ{L,oo,ho) Y{L,oo,ho)\ fQ{R,co,hu) T^(i?,oo,/io) 



(25) 



However, the pair l^c^L,n,ho) ^y{L,n,ho)^^ coincides with the process {^C'^^\n'^-), ^J^V^^\n^■)) 
stopped at time t^^^^M^ ^nd the pair ((7(^'°°.'»o)^ -^/Cl.oo./iq)) coincides with the process {(^■^\W^^'^) 



stopped at time rji ' . Simple arguments (using the fact that (p5|) holds for every h^ > 0) show 



that r^^'"'''^o'> must converge in distribution to t^. , and that this convergence holds jointly with 



(25) 



Analogous properties hold for the pairs (C(-f^'"'^o), 'l/(-f^'"'^o)) and (C{-R.°o-^o)^ -^(iJ.oo./^o))^ and 

XR 

ho 



for the random times r^^'^M and Tf^ defined in an obvious manner for the right side of the 



spine. Since Tf^J and t^ both increase to oo as /iq t oo, the statement of Theorem 



from the convergence (25). 



follows 

D 



Proof of Lemma\^ We start by proving (ii). Write the atoms of V^^^ in the form 



and notice that, for every m > 0, 



-(L) 



i&I 



^l{r^<„}Cr(Wi). 



The construction of W^^'' from the point measure V^^^ (cf subsect. 3.1) shows that the pair 
{C , W^^') is obtained by concatenating (in the appropriate order given by the values of rj) the 
functions 

On the other hand, the definition of the point measure 'p(^'°°''^o,e)^ and the construction of the 
pair ((:7{i-°o.^o,e)^y(i,oo,fco,£)) from this point measure, show that the pair (cC^-oo./^ce)^ y(^'°°'''"'^)) 
is obtained by concatenating the same functions, but only for those indices i such that Tj < Hq 
and a{uji) > e. In other words, if we define for every t > 0, 






''<s<4^'} 



and 
we have 



It 



(L,ho,e) 



inf {s > : Ai^'''°''^ > t} 



AT; 



ho ' 



^CiL,oo,ho,e)^t^^y(L,o.,ho,e)^t^^^ ^ (^^.0,^) ' W^^S'^o,.) 

for every t > 0. It is however immediate that 



7t 



7t 



(26) 



A 



(L,/io,e) 



e^O 



tAT, 



(L) 



ho 
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and the convergence is uniform in t by a nionotonicity argument. It follows that 



£-S>0 



again uniformly in t. Part (ii) of the lemma now follows from (26) 



Let us turn to the proof of (i), which is more delicate. The general idea again is that the 
process C^^''^''^"''^^ can be written as a time change of C^^''^''^"^ (this should be obvious from Fig. 
4]), and that this time change is close to the identity when e is small. We start by estimating 
the difference r*^-^'"''^"-' — t^^''^''^o,£) _ Lg^ us fix 5 > 0. If n is large enough so that ho/n < 5/2, we 



have, using (18) and (19) 



_(L,n,ho) _ ^(L,n,ho,£) ^ ^ 



P 



[nho\ 



n^ 



+ Yl l{2n-2|L^|<£} 
i<nho 



2n-^\L,\ > 5 



<-> 



5 



E 



2J l{2n-2|L,|<e}2n |-Lj 
i<.nho 

Yl Px. {l{2n-^\e\<s}^n-^\e\ 

i<nho 



< T PO (^l{2n-2|6l|<£}2ri \tl\ 



<K{ho,6)e 



1/2 



(27) 



where the last bound is an easy consequence of (^, with a constant K{ho, 5) that depends only 
on ho and 6. 

We now compare C(-^'"'^0'^) and C^^'"-'^"). Note that we can write (:7(^'"'^0'=)(t) = C(-^'"''^o)(AA 
where the time change At is such that < At — t < r*^-^'"'^") — r^-^'"''^"'^) (a brief look at Fig. |4] 
should convince the reader). It follows that 



sup 

t>0 



Q{L,n,ho,£)U\ _ Q{L,n,ho)U\ 



< sup 

|il-J2|<T(-'"'"'''0)-T(-^'"''^0.e) 



(j(L,n,ho) (^^) _ (j(L,n,ho) ^^^^ _ ^28) 



Recall that the function C^^'^''^"^ is constant on [r^^'^M^ ^q^ ]-)y construction. In order to 
bound the left-hand side of (|28|, we fix ti < ta < r(-^'"'''o) such that ta -ti < r^-^-"'^") - T^L,n,ho,e)_ 



If there exists < i < nhr, such that 



r 



(L,n,(j-l)/n) 



+ n' < ti < t2 < T 



{L,n,i/n) 



+ n 



(with the convention r*^'^'"'' ^/"-^ 



-n 



then this means that the times ti and ta correspond, in 



the time scale of the rescaled contour process, to the exploration of the same tree Li, or perhaps 
of the edge of the spine above the root of Lj. In that case we can clearly bound 



(j(L,nM)(^f^^_CiL,nM)(^f^^ 



< sup 

|u-ti|<T(-'''"''^o)-r(-^'"'''0'E) 



.{") 



{")/ 



c^'^-c^^) 



+ 



n 



(29) 



On the other hand, if there exists no such i, then we can find < i < j < nho such that 



r 



(L,n,(i-l)/n) 



-2 



^(L,n,i/n) 



+ n-^ < ti < r^^'"'*/"^ + n-2 < ^{^-".(i-i)/") + ^-2 < ^^ < r^^'"'^'/") 



+ n 
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and we have: 



< 



Cg'( 



t^ _ ^(L,n,0-l)/n) _ ^"^) _ CT' (ti - r 



^(") 
^i» 



{L,n,(i-l)/n) _ ^-2^ 



+ 



J - ^ + 1 



n 



where we recall the convention that C^ {s) = for s > 2|Lj|/n^. Now note that i = Jin^t^i and 
j = J\nH2\ 1 with the notation introduced before Lemma flj We obtain 



2 -r 



(L,n,(i-l)/n) ,-2 



(30) 



Put 7„,e = r(^'"'^o) - r^^'^'^'O'^^ to simphfy notation. From (|28| and the bounds (|29| and 



(|30|), we get 

(j{L,n,ho,e)U'\ _ (j{L,n,ho) U^. 



sup 

t>0 



< sup 

m,i)<t(^>"'''0),|i;-u|<7„ 



n 



+ sup sup 

0<k<\nho\ If— w|<7n,e 



.(«)/ 



.(«)/ 



c^i:(^^)-c^i:m 



(31) 



We write /3i(n, e) and /32{n,e) for the two terms in the sum of the right-hand side of (31). We 



will use Lemma [1] to handle /3i(n, e), but we need a different argument for /32{n,e). Recall our 
notation H{6) for the height of a labeled tree 6. Then, for every d > and n > 0, 



P 



sup sup 

0<k<lnho\ \u-v\<6 


Ct^u)-Ct^v) 


> K 






[nhol 


r n 




fc=0 


sup ICLkin^u) - Cikin^v) > nn 

\u—v\<5 




[nhol 


\ ^ ^"' 


= y,E 

k=0 


Px^ 


sup \Ce{r?u) - 

\|u-?)|<(5 


-Ce{^ 


i\,) > 


UK 
J . 



< 2([?2/ioJ + 1) po sup |Ce(n^-u) — Cg{n'^v)\ > nn 

\\u-v\<5 J 



^(n), 



= 2{[nho\ + 1) po{H{e) > nn) x po sup \Cr{u) - Cr{v)\ > k 

\\u~v\<& 

By standard results about Galton- Watson trees, 

supnpo(-f^(^) >n)<oo 

n>l 



H{e) > nK . (32) 



(33) 



and so the quantities 2([n/ioJ + 1) po{H{9) > nn) are bounded above by a constant K{ho, k) 
depending only on /iq and k. On the other hand, from Corollary 1.13 in [14J (or as an easy 
consequence of Proposition 2), the law of (C^ (t))o<t<2n-2|e| under the conditional probability 
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measure po{- \ H{9) > nn) converges as n — !■ oo to the law of a Brownian excursion with height 
greater than k. Consequently, 



<n). 



y{n). 



limsuppo sup \Cg (u) — Cg {v)\ > k 

n->oo \|m-i>|<(5 



H{9) > UK 



< n sup \e{u) — e(f)| > k 

\\u-v\<5 



sup e(t) > K , 
oo / 



where n stands for the Ito excursion measure as in subsect. 2A_ For any fixed k, the right-hand 
side can be made arbitrarily small by choosing S small enough. 

To complete the argument, fix r^ > 0. By the preceding considerations, we can choose S > 
small enough so that 



lim sup P 

n—¥oa 

and, using Lemma [T| 

lim sup P 



sup sup 

P<k<[nhoi \u-v\<5 



Ct{u)-Ct{v) 



in), 

k 



> 



V 



< 



V 



(34) 



sup 

j,i.<r(^'"'''0) , \v-u\<S 



\Jln2v\ — Jln^u\\ + 1 V 

n ^ 2 



<!■ 



(35) 



From (31), we get 



P 



sup 

i>0 



Q{L,n,ho,s)U\ _ (j{L,n,ho) U\ 



> T] 



< P bn,e >S]+P 



ln,e < S, Pi{n,e) > 



V 



p 



ln,s < S, l32{n,e) > 



The quantities -P[7n,£ < ^ , Piin.e) > ^] and -P[7n,e < ^ , hin^e) > ^] are smaller than ^ when 



n is large (independently of the choice of e), by (34) and (35). Finally, (27) allows us to choose 
e > sufficiently small so that -P[7„,£ > 5] < f for every n > 1. This completes the proof of the 
first assertion in (i). 

The second assertion in (i) is proved in a similar way, and we only point at the differences. 



The same arguments we used to obtain the bound (31) give 

YiL,n,ho<e)/^\ _ YiL,n,ho)u\ 



sup 

t>0 



< sup 

u,'u<t(^'"'''o),|d-m|<7„,, 




X 



■^[n^vi ""''I ,,2 



^Jlu2ui I + 1 j + sup sup 

0<A;<[n/ioJ \v—u\<'y„^i 



vi::\v)-vi:\u] 



(36) 



If ?7 > is fixed, we can again use Lemma [TJ together with Proposition [T| to see that we can 
choose 6 > small enough so that 



lim sup P 



sup 



V V 



1 > 



V 



< 



V 



(37) 



28 



Then, in order to estimate the second term of the right-hand side of (36), we replace the bound 



(32) by 



sup sup 

0<k<lnho\ \u-v\<S 



vi^:\u)-v[:\v) 



K 



> K 



<2{[nho\+l)poiV**i9)>-Vn)xpo{ sup \Ve^''> (u) - V^ {v)\ > k 



(n). 



r{n)> 



^\u—v\<S 



V**ie) > -,/n 



(38) 



where V**(6) denotes the maximal absolute value of a label in 6. The analogue of (33) is 



supnpo(^**(^) > ^A^) < oo- 

n>l 



(39) 



This bound can be derived from the much more precise estimate given in Proposition 4 of 
[7j (together with (2)). Then, Proposition 2 implies that the law of (V^ (t))o<t<2n-2|e| under 
the conditional probability measure po(' I V**{9) > \\fn) converges as n — > oo to the law 
of (l?s)o<i<<x under No(- | W** > (3/8)^/2^), where W** = max{|#,| : s > 0} (the precise 
justification of this convergence uses arguments very similar to the proof of Corollary 1.13 in 
j). Consequently, 



rin). 



r{n). 



limsuppo sup \Vq (u) — V^ (f)| > k, 

n-s>oo V|«-i'|<5 



v**ie) > -v^ 



<No sup \W{u)-W{v)\ >K 

\|n-v|<<5 



W** > (3/8)^/^/s: 



and, for any fixed k > 0, the left-hand side can be made arbitrarily small by choosing S small. 
The remaining part of the proof is exactly similar to the proof of the first assertion in (i). This 
completes the proof of Lemma [2j D 



4 Distances in the uniform infinite quadrangulation 

The main result of this section provides a scaling limit for the profile of distances in the uniform 
infinite quadrangulation. In order to derive this result from Theorem [5} we need a preliminary 
lemma. We use the same notation as in Theorem HI 



Lemma 3. Let A > 0. We have 



lim ( supP 



miV^^Unh) <AJ^ 

t>K ^ ' 



0. 



Proof. We first note that for every fixed n > 1, the probability considered in the lemma tends 
to as K — )■ oo because V^^\k) tends to oo as A; — )■ oo. The problem is thus to get uniformity 
in n, and for this purpose we may restrict our attention to values of n that are larger than some 
fixed constant. 

Next we observe that it is enough to prove that 



lim ( sup P 



inf V^^\nH) < A^n 



0. 



29 



Indeed, since we know that t^^'"-'^^ converges in distribution towards r^ as n — > oo, with 
r^ < oo a.s., we can for every fixed value oi h > choose K sufficiently large so that 
p^.^{L,n,h) ^ ]^-^ jg arbitrarily small, uniformly in n. Thus the probability in the lemma will be 
bounded above by the probability appearing in the last display, up to a (uniform in n) small 
error. 

The event 

( inf V'-^XnH) < Ay^\ 

may occur only if one of the trees Li,i > \nh\ has a vertex with label smaller than A^/n. Hence 
the probability of the complement of this event is bounded below by 



E 



n pxxv.>AV^) 

i=lnh\ 



where we recall our notation K for the minimal label in a labeled tree 6. The preceding quantity 
can also be written in the form 



E 



exp Y. log(l - PxAV* < ^Vn)) 

i= \nh\ 



(40) 



Let us fix e g]0, 1/4[, and set B = QAA/e"^. Consider the event 

Th,n = {Xi > By/n , for every i > [nh\ }. 



As a consequence of Proposition [1] and Lemma 2 in [12] , we can choose h > large enough 
so that, for every sufficiently large n, P[r^„] > 1 — e. We will prove that, for this value of h, 



and for every sufficiently large n, the quantity in (40) is bounded below by 1 — 3e. This will 
complete the proof of the lemma. 



To get a lower bound on the quantity (|40|), we recall from Section 2 that, for every / > 1, 

2 



Pi{V, > 0) 



/(/ + 3) 



1- 



(/ + !)(/ + 2) (/ + !)(/ + 2)' 

Since Pi(K > 0) = Pi(K > —1) = Pz+i(K > 0), it follows that, for every / > 1, 



Pi{V, = 0) 



< 



8[A^\ ^ 16[Ay^\ 



< 



(/ + l)(/ + 2)(/ + 3) - P- 
Note that p/(K = /') = Pi-i'{V^ = 0) if / > /' > 0. If Xi > By/n, we have thus 

pxXV. < Ay^) < 2pxX0 < K < AV^) < ^^^ _ ^^^3 
Hence, on the event F/j^^, for n sufficiently large, we have 



°° \<c\A fri 

E log(l-px.(K<Av/^)) <2 E 



i=\nh\ 



i=\nh\ 



Xf 



xf 
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For every integer j > 1, set Aj = ^{i > : Xi = j}. By Proposition 5.1 in [H], we have 
i?[Aj] < j, for all sufficiently large j. Hence, if n is sufficiently large, 



E 



i=[nhj * 



< E 



E 



32A^A^ 



■i=0 

"i^A^fnE 



X} 



E 



1 



-i=Li?v^J+i 

OO -I 

< 32Av^ ^ 



3^- 



i=Li?v^J+i 



J^ 



< 64A/5 
by our choice of B. Using the Markov inequality, we now get 



r/,,„n 



^ log(l-px,(K<Av/^)) 

i=[n/ij 



> e 



<e. 



Recalling that P[r„^/i] > 1 — e, we thus see that the quantity inside the expectation in (40) is 
bounded below by exp(— e) > 1 — e, except possibly on an event of probability at most 2e. It 
follows that the quantity (40) is bounded below by 1 — Se, which was the desired result. D 



Recall that the profile A^ of a quadrangulation q is the integer- valued measure on Z+ defined 
by 

X^{k) = \{aeViq): dgr{d,a) = k}\ 

for every k E Z+. If g G Q and n > 1 is an integer, we define the rescaled profile A^"-* as the 
(T-finite measure on M. such that 



A(")(A) 



n 



2''1 



-A 



for any Borel subset A of IR+. Also recall that -Bn(q) denotes the ball of radius n centered at d 
in V{q) 

Theorem 6. Let q be a uniform infinite quadrangulation. The sequence (A^"'')„>i converges in 
distribution to the random measure X on IR+, which is defined, for every continuous function g 
with compact support, by 



I,g) = lfds{g{w^'^)+g{m^^ 



where (W^^\ W^^^j is a pair of correlated eternal conditioned Brownian snakes. 
In particular we have: 



n 



V^n(q).-^?X([0,1]). 



n— ^-oo 4 



Remark. Both A^"-* and X are random variables with values in the space of Radon measures 
on M4., which is a Polish space for the topology of vague convergence. The convergence in 
distribution of the sequence (A^"'))„>i thus refers to this topology. 
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Proof. We may assume that q is the image under the extended Schaeffer correspondence of a 
uniform infinite well-labeled tree 0, and we use the same notation (Xj, Li, Ri)i>o as in subsect. 



3.2, For every i > 0, we write the labeled trees Li and Ri as Li = {tl^jIlJ and Ri = (r/?., £/?.). 
We also keep the notation {C^^\V^^^), resp. {C^^\V^^^), for the pair of contour functions 
coding the part of 9 to the left of the spine, resp. to the right of the spine. 

Fix a continuous function g with compact support on IR+. From the properties of the 
Schaeffer correspondence, we have then 



{K9)=m + Y.9{X^) + J:{ E 9ihXv))+ E 9{iRXv))]. (41) 

i=o i=o \veLM9} veRi\{(D} 



We can rewrite the right-hand side of (41 ) in terms of the contour functions of 0. To this end, 
set for every t > 0, [t]c(L) = L^J + 1 if C(^)([tJ + 1) > C^^K[t\), and [t]c(L) = [t\ otherwise. 
Define [t]c(H) in a similar way. Then, from the construction of the contour functions, it is easy 
to verify that we have also 

1 POO 1 /"OO 

{K,9)=9{0)+9{1) + ^1 dtg{V'^'\[t]c,.^)) + -l dt^(\/(«)([t]^(H,)). (42) 

Consequently, 

9{0)+9{\fi;) 1 ^- 



(Ai"\^) 



n^ 



'2k d«Kvl^"""(i"^'i-')4r*Kv'l^^'"''i«^'i-)'- 



Since |1^^'^''([s](7(l)) — V^^^^(s)| < 1, for every s > 0, and g is compactly supported hence uniformly 
continuous, a simple argument, using also Lemma |3j shows that 







„ ^^W*^"'"'"^" 



(n 



where the notation — )• indicates convergence in probability. Thus we have obtained 



By Lemma |3| 

P 



-" 2V7„'*K\/l^'^'"("^")+r*Kvli^""<"^') 



in 



0. 



dtg(\l-V^^\nh) 



"^ dt9{\llv^'\nh) 



K-^oo 



1, 



(43) 



(44) 



/o \ V ^^ / "'0 \ V 2n 

uniformly in n > 1, and a similar result holds for the integrals involving Vi^\ Moreover, by ([s]), 

1 fK 



(X,^) = -y^ d.(^(|yf))+^(l?f))) 



K— >-oo 



1. 



(45) 



Theorem [5] implies that, for every i^ > 0, 



i:<<i-^''^^'^^)-<i-^^^^^^^^^ 



ds {g (WP) + g {m'')) ■ 
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From this convergence, (43), (44) and (45), we get that {\q\g) converges in distribution to 
(X, (yf), which completes the proof of the first assertion. 

Note that X([0,r]) = r^X([0, 1]) for every r > 0, by a simple scaling argument. Since 

1 



n 



:#i^..(q) = Ar)([o,(3/2)i/2]), 



the second assertion of the theorem will follow if we can verify that A^"''([0,r]) converges in 
distribution to X([0, r]) for every r > 0. This is a straightforward consequence of the first assertion 
and the fact that X({r}) = a.s. The latter fact is easy from a first-moment calculation. D 

Let us conclude with some remarks about the distribution of X([0, 1]). From the definition 
of the eternal conditioned Brownian snake, we easily get, for every A > 0, 



A f°° 
exp — — / ds ( 1 



2 Jo 



{WP<1} ~^ {W'i^'<l} 



exp-4y^ dtNz,[l{nc]o,oo[}{l-exp--j^ dsl^^^^<^^; 



2Zl 



(46) 



(47) 



E [exp -AX ([0,1])] =E 
= E 
Using ([6]), formula (46) can be rewritten as 

E[exp-\I{[0,1])] = E exp-Apdt iux/2{Z, 
where for every A,x > 0, 

Ux{x) =n^\A- l{7^c]0,oo[}exp-Ay dslr|^^<-^| 

From the known connections between the Brownian snake and partial differential equations 
(see Chapters V and VI of the monograph |13j) or by adapting the proof of Lemma 6 in [9j, 
one checks that the the function u\ is monotone decreasing and continuously differentiable on 
]0, oo[, and solves the differential equation 



-u 



2v? -\ 



in ]0, 1[, with the boundary condition ma(0) = cxd, and the equation 

1 



-u 



2u^ 



in ]1, oo[. From these equations, one can derive analytic formulas for u\. Still it does not seem 



easy to use these formulas in order to compute the Laplace transform ( 47 ) . We content ourselves 
with a first moment calculation. 

Proposition 5. For every nonnegative measurable function g on ]R_|_, 

128 r°° 



E[{^,9)] 



21 Jo 



In particular, for every r > 0, 



E[li[0,r])] = -r- 



drrg{r). 
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Proof. From the definition of X and the construction of the eternal conditioned Brownian snake, 

we get 



E[{X,g)]=AE 



dtNz, l{7^c]o,oo[} / dsg{W, 



For every 2; > 0, let 



^giz) = N^ l{7^c]o,oo[} / dsg{W, 



Let {^t)t>o denote a linear Brownian motion that starts from z under the probability measure 
Pz. Then, by the case p = 1 of Theorem 2.2 in [T7], we have 



fgi^) 



daE^ 



g{^a) exp ( -4y^ ds% (7^n]0, 00 [^ 0) 



/ daEz g{^a) exp ( -6 / 



« ds' 



da z Ez 



z-'g{Za) 



where the nine-dimensional Bessel process Z starts from z under the probability measure Pz- 
In the second equality we used ([6J), and in the third one we applied the absolute continuity 
properties of laws of Bessel processes (see e.g. Proposition 2.6 in [T7]). 

Recall that the nine-dimensional Bessel process has the same distribution as the Euclidean 
norm of a nine- dimensional Brownian motion. Using the explicit form of the Green function of 
Brownian motion in M^, we get 

^,{z) = 2n^/' Til) '' [jy\y- ^^1"' ivr'am, 

where Xz is an arbitrary point of M^ such that \xz\ = z. For every r > 0, let (Tr{dy) be the 
uniform probability measure on the sphere of radius r centered at the origin in M^. Since the 
function y ^^ \y — x z\~'^ is harmonic, an easy argument gives 



ar{dy) \y -Xz\ ^ = (r V 2;) \ 
We can then integrate in polar coordinates in the previous formula for ^g{z), and get 



Lpg[z) = -z'* I drr^{r\/z) "^ g{r). 

I "^ (J 

By substituting this in the first display of the proof, and arguing in a similar way as above, we 
obtain 



E[{X,g)]=AE 
= 4 



dtiPg{Zt) 

I dz z^ dr r'^ {r y z)~'^ g (r) 
7 J Jo JO 

/g\ 2 /.oo / rr roo 

4f-j / drr'^ g{r)ir''^ dz z^ + I dz z'^ 

— - / drr g[r). 
21 JO 



This completes the proof of Proposition [5j 
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